
• To improve true objective 𝜂:

– 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝜋𝑛𝑒𝑤
𝐽𝜋𝑜𝑙𝑑

𝜋𝑛𝑒𝑤 − 𝐶𝐷𝐾𝐿
𝑚𝑎𝑥 𝜋𝑜𝑙𝑑 , 𝜋𝑛𝑒𝑤

– Or, 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝜃′ 𝐽𝜃 𝜃′ − 𝐶𝐷𝐾𝐿
𝑚𝑎𝑥 𝜃, 𝜃′

• Practically, 𝐶 reduces the step sizes. 

Therefore, to take larger steps, a limiting 

constraint 𝛿 is preferred

– 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝜃′  𝐽𝜃 𝜃′

– 𝑠. 𝑡. 𝐷𝐾𝐿
𝑚𝑎𝑥 𝜃, 𝜃′ ≤ 𝛿

• Sample-based estimation of objective & 

constraint:

– 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝜃′  𝔼𝑠∼𝜌𝜃, 𝑎∼q

𝜋
𝜃′ 𝑎|𝑠

𝑞 𝑎 𝑠 𝑄𝜃 𝑠, 𝑎

– 𝑠. 𝑡. 𝔼𝑠∼𝜌𝜃
𝐷𝐾𝐿 𝜋𝜃 ⋅ |𝑠 ∥ 𝜋𝜃′ ⋅ |𝑠 ≤ 𝛿

• Performance function (at 𝑡𝑖𝑚𝑒𝑠𝑡𝑒𝑝 =  𝑡) optimization 

problem in policy gradient methods:

– ∇𝐽 𝜃 = 𝔼𝜋 ∇𝜃 ln 𝜋𝜃 𝑎𝑡| 𝑠𝑡
መ𝐴𝑡 ← Gradient equation

– 𝐽 𝜃 = 𝔼𝜋 ln 𝜋𝜃 𝑎𝑡| 𝑠𝑡
መ𝐴𝑡 ← Maximize this cost function

– 𝜃𝑡+1 = 𝜃𝑡 + 𝛼 መ𝐴𝑡∇ ln 𝜋 𝑎𝑡|𝑠𝑡 , 𝜃𝑡 ⇒ 𝜃𝑛𝑒𝑤 ≫ 𝜃𝑜𝑙𝑑

– How to set step size for update?

• Conservative policy (Kakade & 

Langford, 2002):

– 𝜋𝑛𝑒𝑤 𝑎 𝑠 = 1 − 𝛼 𝜋𝑜𝑙𝑑 𝑎 𝑠 + 𝛼𝜋′ 𝑎 𝑠

– Where, 𝜋′ = arg max
𝜋′

𝐽𝜋𝑜𝑙𝑑
𝜋′

• Kakade & Langford derived the following lower bound:

– 𝜂 𝜋𝑛𝑒𝑤 ≥ 𝐽𝜋𝑜𝑙𝑑
𝜋𝑛𝑒𝑤 −

2𝜖𝛾

1−𝛾 2 𝛼2

– 𝜖 = max
𝑠

𝔼𝑎~𝜋′(𝑎|𝑠) 𝐴𝜋 𝑠, 𝑎

• To generalize for stochastic policies:

– 𝛼 = 𝐷𝑇𝑉
𝑚𝑎𝑥 𝜋𝑜𝑙𝑑 , 𝜋𝑛𝑒𝑤 = max

𝑠
𝐷𝑇𝑉 𝜋𝑜𝑙𝑑 ⋅ 𝑠 ||𝜋𝑛𝑒𝑤 ⋅ 𝑠

– 𝜖 = max
𝑠, 𝑎

𝐴𝜋 𝑠, 𝑎

• Theorem 1: For 𝛼 = 𝐷𝑇𝑉
𝑚𝑎𝑥 𝜋𝑜𝑙𝑑 , 𝜋𝑛𝑒𝑤 . Following bound 

holds:

– 𝜂 𝜋𝑛𝑒𝑤 ≥ 𝐽𝜋𝑜𝑙𝑑
𝜋𝑛𝑒𝑤 −

4𝜖𝛾

1−𝛾 2 𝛼2

• Theorem 2: 𝐷𝑇𝑉 𝑝 || 𝑞 2 ≤ 𝐷𝐾𝐿 𝑝 || 𝑞

– 𝜂 𝜋𝑛𝑒𝑤 ≥ 𝐽𝜋𝑜𝑙𝑑
𝜋𝑛𝑒𝑤 −

4𝜖𝛾

1−𝛾 2 𝐷𝐾𝐿
𝑚𝑎𝑥 𝜋𝑜𝑙𝑑 , 𝜋𝑛𝑒𝑤

Trust Region Policy Optimization

Schulman, John, Sergey Levine, Pieter Abbeel, Michael Jordan, and Philipp Moritz. "Trust region policy optimization." In International 
conference on machine learning, pp. 1889-1897. PMLR, 2015.

61

𝑄𝜋 𝑠𝑡 , 𝑎𝑡 = 𝔼𝑠𝑡+1,𝑎𝑡+1,… ∑𝑙=0
∞ 𝛾𝑙𝑟(𝑠𝑡+𝑙) ,

𝑉𝜋 𝑠𝑡 = 𝔼𝑎𝑡,𝑠𝑡+1,… ∑𝑙=0
∞ 𝛾𝑙𝑟(𝑠𝑡+𝑙) ,

𝐴𝜋 𝑠, 𝑎 = 𝑄𝜋 𝑠, 𝑎 − 𝑉𝜋(𝑠) 

Policy Evaluation

𝑉𝑖+1
𝜋𝑘 𝑠 = ∑𝑠′ 𝑃 𝑠′ 𝑠, 𝜋𝑘 𝑠 𝑟 + 𝛾𝑉𝑖

𝜋𝑘 𝑠′  

Policy Improvement

𝜋𝑘+1 𝑠 = argmax
𝑎

∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾𝑉𝜋𝑘 𝑠′  

n – step return:

𝐺𝑡:𝑡+𝑛 = 𝑅𝑡+1 + 𝛾𝑅𝑡+2 + ⋯ + 𝛾𝑛 ො𝑣(𝑠𝑡+𝑛) 

∇𝐽 𝜃 = 𝔼𝜋 𝐺𝑡
∇𝜋 𝑎 𝑠, 𝜃
𝜋 𝑎 𝑠, 𝜃  

∇J 𝜃 ∝ ∑𝑠 𝜇 𝑠 ∑𝑎 𝑞𝜋 𝑠, 𝑎 − 𝑏 𝑠 ∇𝜋 𝑎 𝑠, 𝜃  

∇𝐽 𝜃 = 𝔼𝜋 ∇𝜃 log 𝜋𝜃 𝑎𝑡| 𝑠𝑡
መ𝐴𝑡  

Expected discounted reward for a 

stochastic policy 𝜋𝜃: 
𝜂 𝜃 = 𝔼𝑠0 ,𝑎0 ,… ∑𝑡=0

∞ 𝛾𝑡𝑟 𝑠𝑡  

𝑎𝑡 ∼ 𝜋 𝑎𝑡 𝑠𝑡 , 𝜃), 𝑠𝑡+1 ∼ 𝑃 𝑠𝑡+1|𝑠𝑡 , 𝑎𝑡  ∀ 𝑡 ≥ 0

State ‘s’ distribution: 𝜌 𝑠

𝜂 𝛽 = 𝜂 𝜃 + 𝔼𝑠0 ,𝑎0 ,…∼𝜋𝛽
∑𝑡=0

∞ 𝛾𝑡𝐴𝜋𝜃
𝑠𝑡 , 𝑎𝑡  

𝜂 𝛽 = 𝜂 𝜃 + ∑𝑠 𝜌𝛽 𝑠 ∑𝑎 𝜋𝛽 𝑎 𝑠 𝐴𝜋𝜃
𝑠, 𝑎  

Local approximation to 𝜂:

𝐽𝜋𝜃
𝛽 = 𝜂 𝜃 + ∑𝑠 𝜌𝜋𝜃

𝑠 ∑𝑎 𝜋𝛽 𝑎|𝑠 𝐴𝜋𝜃
(𝑠, 𝑎) 

𝜃: Current policy parameters

𝛽: Behaviour parameters

𝜃′: New policy parameters

Algorithm: TRPO Algorithm

1. Use single path or vine to collect a set of 𝑠 − 𝑎 pairs 

along with Monte Carlo estimates of their Q-values.

2. 𝑚𝑎𝑥𝑖𝑚𝑖𝑧𝑒𝜃′  𝔼𝑠∼𝜌𝜃, 𝑎∼q

𝜋
𝜃′ 𝑎|𝑠

𝑞 𝑎 𝑠
𝑄𝜃 𝑠, 𝑎

𝑠. 𝑡. 𝔼𝑠∼𝜌𝜃
𝐷𝐾𝐿 𝜋𝜃 ⋅ |𝑠 ∥ 𝜋𝜃′ ⋅ |𝑠 ≤ 𝛿

3. Approximately solve this constrained optimization 

problem to update the policy’s parameter vector 𝜃′. 

A conjugate gradient algorithm followed by line 

search is used.

Doesn’t specify a step size

Complex dependency of 𝜌𝛽 𝑠 on 𝛽 

is difficult to optimize

𝐶

Single path                                 Vine
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  m a x i m i z  e   𝜋  n e w  [   J   𝜋  o l d  (   𝜋  n e w ) − C  D  K L  m a x  (   𝜋  o l d ,    𝜋  n e w ) ]


  m a x i m i z  e   𝜃 ′  [   J 𝜃  (   𝜃 ′ ) − C  D  K L  m a x  (  𝜃 ,    𝜃 ′ ) ]


  C


  𝛿


  m a x i m i z  e   𝜃 ′      J 𝜃  (   𝜃 ′ )


  s . t .    D  K L  m a x  (  𝜃 ,  𝜃 ′ ) ≤ 𝛿


  m a x i m i z  e   𝜃 ′    𝔼  s ∼  𝜌  𝜃 ,   a ∼ q  [     𝜋   𝜃 ′  (  a | s )  q  ( a | s )  Q 𝜃  (  s , a ) ]


  s . t .  


   𝔼  s ∼  𝜌 𝜃  [   D  K L  (   𝜋 𝜃  (  ⋅ | s ) ∥  𝜋   𝜃 ′  (  ⋅ | s ) ) ] ≤ 𝛿


  t i m e s t e p   =   t


  ∇ J  ( 𝜃 ) =  𝔼 𝜋  [   ∇ 𝜃   ln ⁡   𝜋 𝜃  (   a t |     s t )    A ^ t ] ←


  J  ( 𝜃 ) =  𝔼 𝜋  [    ln ⁡   𝜋 𝜃  (   a t |     s t )    A ^ t ] ←


   𝜃  t + 1 =  𝜃 t + 𝛼    A ^ t ∇   ln ⁡  𝜋  (   a t |  s t ,    𝜃 t ) ⇒  𝜃  n e w ≫  𝜃  o l d


   𝜋  n e w  ( a | s ) =  (  1 − 𝛼 )  𝜋  o l d  ( a | s ) + 𝛼  𝜋 ′  ( a | s )


   𝜋 ′ =   arg ⁡      max   𝜋 ′ ⁡   J   𝜋  o l d  (   𝜋 ′ )


  𝜂  (   𝜋  n e w ) ≥  J   𝜋  o l d  (   𝜋  n e w ) −   2 𝜖 𝛾     (  1 − 𝛾 ) 2  𝛼 2


  𝜖 =     max s ⁡   |   𝔼  a ~  𝜋 ′ ( a | s )  [   A 𝜋  (  s , a ) ] |


  𝛼 =  D  T V  m a x  (   𝜋  o l d ,    𝜋  n e w ) =     max s ⁡   D  T V  (   𝜋  o l d  ( ⋅ | s ) | |  𝜋  n e w  ( ⋅ | s ) )
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  𝜂  (   𝜋  n e w ) ≥  J   𝜋  o l d  (   𝜋  n e w ) −   4 𝜖 𝛾     (  1 − 𝛾 ) 2  𝛼 2


   D  T V    (  p   | |   q ) 2 ≤  D  K L  (  p   | |   q )


  𝜂  (   𝜋  n e w ) ≥  J   𝜋  o l d  (   𝜋  n e w ) −   4 𝜖 𝛾     (  1 − 𝛾 ) 2  D  K L  m a x  (   𝜋  o l d ,    𝜋  n e w )


   Q 𝜋  (   s t ,  a t ) =  𝔼   s  t + 1 ,    a  t + 1 , …  [   ∑  l = 0 ∞   𝛾 l r (  s  t + l ) ]


   V 𝜋  (   s t ) =  𝔼   a t ,    s  t + 1 , …    [   ∑  l = 0 ∞   𝛾 l r (  s  t + l ) ]


   A 𝜋  (  s , a ) =  Q 𝜋  (  s , a ) −  V 𝜋 ( s )


   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s ,  𝜋 k  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


   𝜋  k + 1  ( s ) =   argmax a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 k  (   s ′ ) ]


   G  t : t + n =  R  t + 1 + 𝛾  R  t + 2 + … +  𝛾 n  v ^ (  s  t + n )


  ∇ J  ( 𝜃 ) =  𝔼 𝜋  [   G t   ∇ 𝜋  ( a |  s , 𝜃 )  𝜋  ( a |  s , 𝜃 ) ]


  ∇ J  ( 𝜃 ) ∝  ∑ s  𝜇  ( s )  ∑ a   (   q 𝜋  (  s , a ) − b  ( s ) ) ∇ 𝜋  ( a |  s , 𝜃 )


  ∇ J  ( 𝜃 ) =  𝔼 𝜋  [   ∇ 𝜃   log ⁡   𝜋 𝜃  (   a t |     s t )    A ^ t ]


   𝜋 𝜃


  𝜂  ( 𝜃 ) =  𝔼   s 0 ,    a 0 , …  [   ∑  t = 0 ∞   𝛾 t r  (   s t ) ]


   a t ∼ 𝜋  (   a t |  s t , 𝜃 ) ,


   s  t + 1 ∼ P  (   s  t + 1 |  s t ,    a t )   ∀   t ≥ 0


  𝜌  ( s )


  𝜂  ( 𝛽 ) = 𝜂  ( 𝜃 ) +  𝔼   s 0 ,    a 0 , … ∼  𝜋 𝛽  [   ∑  t = 0 ∞   𝛾 t  A   𝜋 𝜃  (   s t ,  a t ) ]


  𝜂  ( 𝛽 ) = 𝜂  ( 𝜃 ) +  ∑ s   𝜌 𝛽  ( s )  ∑ a   𝜋 𝛽  ( a | s )  A   𝜋 𝜃  (  s , a )


  𝜂


   J   𝜋 𝜃  ( 𝛽 ) = 𝜂  ( 𝜃 ) +  ∑ s   𝜌   𝜋 𝜃  ( s )  ∑ a   𝜋 𝛽  (  a | s )  A   𝜋 𝜃 ( s , a )
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