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• Policy Gradient

– Parameterized policy: 𝜋 𝑎|𝑠, 𝜃 =
𝑒ℎ 𝑠,𝑎,𝜃

∑𝑏 𝑒ℎ 𝑠,𝑏,𝜃

– Action preference, ℎ 𝑠, 𝑎, 𝜃 = 𝜃𝑇𝑥(𝑠, 𝑎) (for discrete action)

• Steady state distribution, 𝜇𝜋

– Special distribution under which, if actions are selected 

according 𝜋, state distribution is not changed.

– ∑𝑠 𝜇𝜋(𝑠) ∑𝑎 𝜋 𝑎 𝑠 𝑝(𝑠′|𝑠, 𝑎) = 𝜇𝜋 𝑠′

• Policy gradient theorem

– Expectation of sample gradient ∝ Actual gradient of the 

performance measure

– ∇𝐽 𝜃 ∝ ∑𝑠 𝜇 𝑠 ∑𝑎 𝑞𝜋 𝑠, 𝑎 ∇𝜋(𝑎|𝑠, 𝜃) 

– ∑𝑠 𝜇 𝑠 ∑𝑎 𝑞𝜋 𝑠, 𝑎 ∇𝜋 𝑎 𝑠, 𝜃

– 𝔼𝜋 ∑𝑎 𝑞𝜋 𝑠, 𝑎 ∇𝜋 𝑎 𝑠, 𝜃

– 𝔼𝜋 ∑𝑎 𝜋(𝑎|𝑠, 𝜃)
𝑞𝜋 𝑠,𝑎 ∇𝜋 𝑎 𝑠, 𝜃

𝜋 𝑎 𝑠, 𝜃

– 𝔼𝜋

𝑞𝜋 𝑠,𝑎 ∇𝜋 𝑎 𝑠, 𝜃

𝜋 𝑎 𝑠, 𝜃

– 𝔼𝜋 𝐺𝑡
∇𝜋 𝑎 𝑠, 𝜃
𝜋 𝑎 𝑠, 𝜃

𝑉∗ 𝑠 = max
𝑎

∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾𝑉∗ 𝑠′  

𝑉𝑘+1
∗ 𝑠 = max

𝑎
∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾𝑉𝑘

∗ 𝑠′  

𝑄∗ 𝑠, 𝑎 = ∑𝑠′ 𝑝 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾 max
𝑎′

𝑄∗(𝑠′, 𝑎′)  

𝑄𝑖+1 𝑠 ← ∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎, 𝑟 + 𝛾 ⋅ max
𝑎′

𝑄𝑖 𝑠′, 𝑎′  

Policy Evaluation

𝑉𝑖+1
𝜋𝑘 𝑠 = ∑𝑠′ 𝑃 𝑠′ 𝑠, 𝜋𝑘 𝑠 𝑟 + 𝛾𝑉𝑖

𝜋𝑘 𝑠′  

Policy Improvement

𝜋𝑘+1 𝑠 = argmax
𝑎

∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾𝑉𝜋𝑘 𝑠′  

Q – Learning:

𝑄𝑖+1 𝑠, 𝑎 ← 𝑄𝑖 𝑠, 𝑎 + 𝛼 ቀ

ቁ

𝑟 + 𝛾 ⋅

max
𝑎′

𝑄𝑖 𝑠′, 𝑎′ − 𝑄𝑖 𝑠, 𝑎  

DQN Update:

𝜃𝑡+1 = 𝜃𝑡 + 𝛼 𝑦𝑡 − 𝑄 𝑠𝑡 , 𝑎𝑡; 𝜃 ∇𝜃𝑡
𝑄 𝑠𝑡 , 𝑎𝑡; 𝜃𝑡  

DQN Q Update:

𝑄 𝑠𝑡 , 𝑎𝑡; 𝜃𝑡+1 ≈ 𝑄 𝑠𝑡 , 𝑎𝑡; 𝜃 + 𝛼൫

൯

𝑦𝑡 −

𝑄 𝑠𝑡 , 𝑎𝑡; 𝜃𝑡 ∇𝜃𝑡
𝑄 𝑠𝑡 , 𝑎𝑡; 𝜃𝑡

2

2
 

n – step return:

𝐺𝑡:𝑡+𝑛 = 𝑅𝑡+1 + 𝛾𝑅𝑡+2 + ⋯ + 𝛾𝑛 ො𝑣(𝑠𝑡+𝑛) 

Steady state distributions: 𝜇𝜋(𝑠)

Algorithm 1: Actor – Critic Algorithms

Input: a differentiable policy parameterization 𝜋 𝑎|𝑠, 𝜃
Input: a differentiable state – value function parameterization ො𝑣 𝑠, 𝑤

Parameters: step sizes 𝛼𝜃 > 0, 𝛼𝑤 > 0

Initialize policy parameter 𝜃 ∈ ℝ𝑑′
and state – value weights 𝑤 ∈ ℝ𝑑  

For episode = 1, M do

      Initialize 𝑆
      𝐼 ← 1
      For t = 1, T do

            𝑎 ∼ 𝜋 ⋅ |𝑆, 𝜃
            Take action 𝑎, observe 𝑆′, 𝑅
            𝐺𝑡 ← 𝑅 + 𝛾ොv 𝑆′, 𝑤                      (if 𝑆′ is terminal, then ොv 𝑆′, 𝑤 = 0)

            𝑤 ← 𝑤 + 𝛼𝑤𝐺𝑡∇ ො𝑣 𝑆, 𝑤

            𝜃 ← 𝜃 + 𝛼𝜃𝐼𝐺𝑡∇ ln 𝜋 𝑎|𝑆, 𝜃
            I ← 𝜆𝐼
            𝑆 ← 𝑆′

      end For

end For
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  𝜋  (  a | s ,   𝜃 ) =    e  h  (  s , a , 𝜃 )   ∑ b   e  h  (  s , b , 𝜃 )


  h  (  s , a , 𝜃 ) =  𝜃 T x ( s , a )


   𝜇 𝜋


  𝜋


   ∑ s   𝜇 𝜋 ( s )  ∑ a  𝜋  ( a | s ) p (  s ′ | s , a ) =  𝜇 𝜋  (   s ′ )


  ∝


  ∇ J  ( 𝜃 ) ∝  ∑ s  𝜇  ( s )  ∑ a   q 𝜋  (  s , a ) ∇ 𝜋 ( a | s , 𝜃 )


   ∑ s  𝜇  ( s )  ∑ a   q 𝜋  (  s , a ) ∇ 𝜋  ( a |  s , 𝜃 )


   𝔼 𝜋  [   ∑ a   q 𝜋  (  s , a ) ∇ 𝜋  ( a |  s , 𝜃 ) ]


   𝔼 𝜋  [   ∑ a  𝜋 ( a | s , 𝜃 )    q 𝜋  (  s , a )  (  ∇ 𝜋  ( a |  s , 𝜃 ) )  𝜋  ( a |  s , 𝜃 ) ]


   𝔼 𝜋  [     q 𝜋  (  s , a )  (  ∇ 𝜋  ( a |  s , 𝜃 ) )  𝜋  ( a |  s , 𝜃 ) ]


   𝔼 𝜋  [   G t   ∇ 𝜋  ( a |  s , 𝜃 )  𝜋  ( a |  s , 𝜃 ) ]


   V ∗  ( s ) =     max a ⁡   ∑   s ′  P  (   s ′ |  s , a )  (  r + 𝛾  V ∗  (  s ′ ) )


   V  k + 1 ∗  ( s ) =   max a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V k ∗  (   s ′ ) ]


   Q ∗  (  s , a ) =  ∑   s ′  p  (   s ′ |  s , a )  [  r + 𝛾     max   a ′ ⁡   Q ∗ (  s ′ ,  a ′ ) ]


   Q  i + 1  ( s ) ←  ∑   s ′  P  (   s ′ |  s , a , )  [  r + 𝛾 ⋅     max   a ′ ⁡   Q i  (   s ′ ,  a ′ ) ]


   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s ,  𝜋 k  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


   𝜋  k + 1  ( s ) =   argmax a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 k  (   s ′ ) ]


   Q  i + 1  (  s , a ) ←  Q i  (  s , a ) + 𝛼  (  r + 𝛾 ⋅     max   a ′ ⁡   Q i  (   s ′ ,  a ′ ) −  Q i  (  s , a ) )


   𝜃  t + 1 =  𝜃 t + 𝛼  (   y t − Q  (   s t ,  a t ; 𝜃 ) )  ∇   𝜃 t Q  (   s t ,    a t ;  𝜃 t )


  Q  (   s t ,    a t ;  𝜃  t + 1 ) ≈ Q  (   s t ,    a t ; 𝜃 ) + 𝛼  (   y t − Q  (   s t ,    a t ;  𝜃 t ) )    |   |   ∇   𝜃 t Q  (   s t ,    a t ;  𝜃 t ) | | 2 2


   G  t : t + n =  R  t + 1 + 𝛾  R  t + 2 + … +  𝛾 n  v ^ (  s  t + n )


   𝜇 𝜋 ( s )


  𝜋  (  a | s , 𝜃 )


   v ^  (  s , w )


   𝛼 𝜃 > 0 ,    𝛼 w > 0


  𝜃 ∈  ℝ   d ′


  w ∈  ℝ d  


  S


  I ← 1


  a ∼ 𝜋  (  ⋅ | S ,   𝜃 )


  a


   S ′ ,   R


   G t ← R + 𝛾  v ^  (   S ′ , w )


   S ′


   v ^  (   S ′ , w ) = 0


  w ← w +  𝛼 w  G t ∇  v ^  (  S , w )


  𝜃 ← 𝜃 +  𝛼 𝜃 I  G t ∇   ln ⁡  𝜋  (  a | S , 𝜃 )


  I ← 𝜆 I


  S ←  S ′



