Reinforcement Learning Algorithms

Policy Iteration

Second step towards optimal policy...

Assumptions:
1. Reward at every state is known.

2. Transition probability is known.

In a way, the dynamics of the
environment is completely known.

1 - Policy Evaluation

Vl:f’; (s) = z P(S’Is,n(s))[r + )/V}nk(s')]

2 - Policy Improvement

Th41(S) < argmaxz P(s'ls,a)[r + yV™k(s")]
a S’

Algorithm:
Initialize V(s) € R& m(s) € A(s) Vs

Policy Evaluation
For each ‘s’in S:

V(s) « Xy, P(s'|s,m(s))[r + yV(s")]

Policy Improvement
For each ‘s’in S:
7Told(S) < T[(S)
n(s) « argmaxy Yo, P(s'ls, a)[r + yV(s")]
if m(s) = my4(s), then stop

The policy iteration evaluates one policy at a time
which may not sweep through all the states.

Therefore, to sweep through all the state there is
a requirement of multiple policy evaluation.
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Policy Iteration: Dynamic Programming

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)

Transition Probability,

P(s,a,s")

Optimal Policy, " (s)

Return, Gy = Yoo V7

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vigl(s) = max Y. P(s'ls,a)[r +yV;(s')]
Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]
Policy Evaluation

Vi(s) = To P(s'ls, me()[r + yV™(s7)]
Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]

e Policy Evaluation
- V() = Xy P(s'ls, mi () [r + vV (sN)]
e Policy Improvement
—  TMy41(s) = argmax Y P(s'[s, a)[r + yV™(s")]

- Vlnl(slo) = 0.9[0 + 0.9%x1] + 0.1x[0 + 0.9%x0] =10.81
- V17T1(56) = 0.9[0 + 0.9x—1] + 0.1x[0 + 0.9x0} = —0.81

S10

S10

si1, +1
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Policy Iteration: Dynamic Programming

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)

Transition Probability,

P(s,a,s")

Optimal Policy, " (s)

Return, Gy = Yoo V7

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vigl(s) = max Y. P(s'ls,a)[r +yV;(s')]
Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]
Policy Evaluation

ViE(s) = g P(s'ls, m (D[ + vV (s))]
Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]

Policy Evaluation

- V() = Xy P(s'ls, mi () [r + vV (sN)]
Policy Improvement

—  TMy41(s) = argmax Y P(s'[s, a)[r + yV™(s")]

V™ (s10) = 0.9[0 + 0.9x1] + 0.1x[0 + 0.9x0] = 0.81

V™ (s6) = 0.9[0 + 0.9x—1] + 0.1x[0 + 0.9x0] = —0.81
1™ (s10) = 0.9[0 + 0.9x1] + 0.1x[0 + 0.9x0.81}=10.88

1 (s6) = 0.9[0 + 0.9x1] + 0.1x[0 + 0.9x—0.81] = —0.88
1 (s9) = 0.9[0 + 0.9%x0.81] + 0.1x[0 +0:9%0] = 0.6561

S10

S2

S6

-0.81

S10

0.81

S11
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Policy Iteration: Dynamic Programming

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)

Transition Probability,

P(s,a,s")

Optimal Policy, " (s)

Return, Gy = Yoo V7

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vigl(s) = max Y. P(s'ls,a)[r +yV;(s')]
Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]
Policy Evaluation

ViE(s) = g P(s'ls, m (D[ + vV (s))]
Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]

Policy Evaluation

- V() = Xy P(s'ls, mi () [r + vV (sN)]
Policy Improvement

—  TMy41(s) = argmax Y P(s'[s, a)[r + yV™(s")]

V" (s10) = 0.9[0 + 0.9x1] + 0.1x[0 + 0.9x0.81] = 0.88

V" (se) = 0.9[0 + 0.9x—1] + 0.1x[0 + 0.9x—0.81] /= ~0.88
V" (s9) = 0.9[0 + 0.9%0.81] + 0.1%X[0 + 0.9%0] = 0.6561

V" (s10) = 0.9[0 + 0.9x1] + 0.1X[0 + 0.9%0.88] = 0.89
V;*(s¢) = 0.9[0 + 0.9x—0.88] + 0.1x[0 4#0.9x—0.88] = —0.89
V;(s9) = 0.9[0 + 0.9%0.88] + 0.1x[0+0.9%0.66] = 0.77
V;(sg) = 0.9[0 + 0.9%0.66] + 0.1x[0+ 0.9%0] = 0.53

S6

-0.81

S9

S10

0.81

S2

S6

-0.88

S9

0.66

S10

0.88

S11
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Policy Iteration: Dynamic Programming

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)

Transition Probability,

P(s,a,s")

Optimal Policy, " (s)

Return, Gy = Yoo V7

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vigl(s) = max Y. P(s'ls,a)[r +yV;(s')]
Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]
Policy Evaluation

ViE(s) = g P(s'ls, m (D[ + vV (s))]
Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]

Policy Evaluation

- V() = Xy P(s'ls, mi () [r + vV (sN)]
Policy Improvement

—  TMy41(s) = argmax Y P(s'[s, a)[r + yV™(s")]

V" (s10) = 0.9[0 + 0.9x1] + 0.1x[0 + 0.9x0.81] = 0.88

V" (se) = 0.9[0 + 0.9x—1] + 0.1x[0 + 0.9x—0.81] /= ~0.88
V" (s9) = 0.9[0 + 0.9%0.81] + 0.1%X[0 + 0.9%0] = 0.6561

V" (s10) = 0.9[0 + 0.9x1] + 0.1X[0 + 0.9%0.88] = 0.89
V;*(s¢) = 0.9[0 + 0.9x—0.88] + 0.1x[0 4#0.9x—0.88] = —0.89
V;(s9) = 0.9[0 + 0.9%0.88] + 0.1x[0+0.9%0.66] = 0.77
V;(sg) = 0.9[0 + 0.9%0.66] + 0.1x[0+ 0.9%0] = 0.53
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S9
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Policy Iteration: Dynamic Programming

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)

Transition Probability,

P(s,a,s")

Optimal Policy, " (s)

Return, Gy = Yoo V7

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vigl(s) = max Y. P(s'ls,a)[r +yV;(s')]
Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]
Policy Evaluation

ViE(s) = g P(s'ls, m (D[ + vV (s))]
Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]

Policy Evaluation

- V() = Xy P(s'ls, mi () [r + vV (sN)]
Policy Improvement

—  TMy41(s) = argmax Y P(s'[s, a)[r + yV™(s")]

V" (s10) = 0.9[0 + 0.9x1] + 0.1x[0 + 0.9x0.81] = 0.88

V" (se) = 0.9[0 + 0.9x—1] + 0.1x[0 + 0.9x—0.81] /= ~0.88
V" (s9) = 0.9[0 + 0.9%0.81] + 0.1%X[0 + 0.9%0] = 0.6561

V" (s10) = 0.9[0 + 0.9x1] + 0.1X[0 + 0.9%0.88] = 0.89
V;*(s¢) = 0.9[0 + 0.9x—0.88] + 0.1x[0 4#0.9x—0.88] = —0.89
V;(s9) = 0.9[0 + 0.9%0.88] + 0.1x[0+0.9%0.66] = 0.77
V;(sg) = 0.9[0 + 0.9%0.66] + 0.1x[0+ 0.9%0] = 0.53
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Policy Iteration: Dynamic Programming

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)

Transition Probability,

P(s,a,s")

Optimal Policy, " (s)

Return, Gy = Yoo V7

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vir1(s) = max X P(s'ls, a)[r +y Vi (s")]
Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]
Policy Evaluation

Vi(s) = To P(s'ls, me()[r + yV™(s7)]
Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]

Policy Evaluation

- VI5(S) = By P(s'ls mi())[r + v ()]

Policy Improvement

—  Tr41(s) = argmax Y. P(s'|s, a)[r + yV™(s")]
a

— W (s10) = 0.9[0 + 0.9%1] 4+ 0.1x[0 + 0.9%0.81] = 0.88

- V(se) = 0.9[0 + 0.9x—1] + 0.1x[0 + 0.9x—0.81] = ~0.88
- V(s9) = 0.9[0 + 0.9x0.81] + 0.1x[0 + 0.9%0] = 0.6561

— V" (s10) = 0.9[0 + 0.9x1] + 0.1x[0 + 0.9%088] = 0.89

- V(se) = 0.9[0 + 0.9x—0.88] + 0.1x[0 °0.9x—0.88]

[
[

- V" (se) =09
- W(sg) =09

= —-0.89

0 + 0.9x0.88] + 0.1x[0+0.9%0.66] = 0.77
0 4+ 0.9%0.66] + 0.1x[0+ 0.9%0] = 0.53

=o—s0
——sl

s2
——s3

s4
——s5
——5s6
=58

— O
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Policy Iteration: Dynamic Programming

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)

Transition Probability,

P(s,a,s")

Optimal Policy, " (s)

Return, Gy = Yoo V7

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vir1(s) = max X P(s'ls, a)[r +y Vi (s")]
Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]
Policy Evaluation

Vi(s) = To P(s'ls, me()[r + yV™(s7)]
Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]

Policy Evaluation
- VI(S) = Zgr P(s'Is, mie ([ + vV (5]
Policy Improvement

—  Tr41(s) = argmax Y. P(s'|s, a)[r + yV™(s")]
a

Policy Improvement
- my(s) = argmax(zsl P(s'|s,a)[r + yV”l(s’)])

- 1m,(s°%) = argmax(0_,,0;) = -/l

- m(st) = arg?nax(O_, ,0.) ==/«

- m,(s?) = arg?nax(o_, ,0.,—0.89)) = >/«

- my(s3) = arg?nax(—ll 0.) =«

- m(s?) = arg(rlnax(OT ,0.7) =1

- m,(s®) = arg?nax(—lﬁ ,0;,0.89) =1

- m,(s8) = arg?nax(0.79_, ,0p) = >

- my(s%) = arg?nax(0.89_, ,07.) =—>

- m,(s1%) = argmax(l_, ,0.79_,—0.89;) = -
a

0.79

0.80




Policy Iteration

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)
Transition Probability,
P(s,a,s")

Optimal Policy, " (s)

Return, Gy = ¥y V*7y4x

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vigl(s) = max Y. P(s'ls,a)[r +yV;(s')]

Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]

Policy Evaluation
Vi(s) = To P(s'ls, me()[r + yV™(s7)]
Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]
a

: Dynamic Programming

e Policy Evaluation
- V() = Xy P(s'ls, mi () [r + vV (sN)]
e Policy Improvement
—  TMy41(s) = argmax Y P(s'[s, a)[r + yV™(s")]

* Policy Evaluation
- V() = Sy P(s'ls, me (D) [ + ¥V (sN)]

0.80

0.80
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Policy Iteration

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)
Transition Probability,
P(s,a,s")

Optimal Policy, " (s)

Return, Gy = ¥y V*7y4x

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s’))
Vigl(s) = max Y. P(s'ls,a)[r +yV;(s')]

Q*(s,a) = ¥y p(s'ls,a) [r +ymax Q*(s’, a')]

Policy Evaluation

Vi(s) = To P(s'ls, me()[r + yV™(s7)]

Policy Improvement

Ty41(s) = argmax Y P(s'|s, a)[r + yV ™k (s")]
a

: Dynamic Programming

e Policy Evaluation
- V() = Xy P(s'ls, mi () [r + vV (sN)]
e Policy Improvement
—  TMy41(s) = argmax Y P(s'[s, a)[r + yV™(s")]

e Policy Improvement - II
- m3(s) = argmax(ZS, P(s'|s, a)lr4 yV™e (s’)])

0.80

0.80




Comparison of solution approaches of MDPs

State,s € S

Action,a € A(s)

Reward,r € R(s,a,s’)
Transition Probability,
P(s,a,s")

Optimal Policy, " (s)

Return, Gy = Yo V¥ 74k

State value, V™(s)

Action value, Q™ (s, a)

V*(s) = max Yo P(s'ls, a)(r + yV*(s'))
Vil (s) = max Yo P(s'ls, )r +yVi(s")]

Q*(s,a) = X p(s'ls,a) [r +y max Q*(s’,a')]

Policy Evaluation

Vif’;(s) =Y P(s']s, T[k(S))[T + yVi”k(s’)]

Policy Improvement

T41(s) = argmax Y. P(s'|s, a)[r + yV™e(s")]
a

Value Iteration
 Bellman’s optimal value function
- V*(s) = mC?XZS, P(s'|s, a)(r + yV*(s’))

e Bellman update

- Vip(s) = mc?xzs, P(s'|s,a)[r + yV,;(s")]

Policy Iteration
e Policy Evaluation

- VTE(S) = Xy P(s'ls, i () [+ vV ()]

e Policy Improvement

— M1 (s) = argmax), s P(s'ls, a)[r + yV™k(s")]
a

Most natural problems have unknown

dynamics or a complicated model of
environments.

e Value Iteration

— Each iteration updates both
return value and policy.

e Policy Iteration

— Updates returns for a policy:
Policy evaluation.

— Updates the policy: Policy
iteration.

— Two loops. Faster outer loop
(involving policy improvement)

* Benefits:
— Simple algorithm.
— Faster convergence.
e Limitations:
— Requires the knowledge of

complete dynamics of the
environment a priori.
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   𝜋  k + 1  ( s ) =   argmax a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 k  (   s ′ ) ]


   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s ,  𝜋 k  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


   Q ∗  (  s , a ) =  ∑   s ′  p  (   s ′ |  s , a )  [  r + 𝛾     max   a ′ ⁡   Q ∗ (  s ′ ,  a ′ ) ]


   V  k + 1 ∗  ( s ) =   max a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V k ∗  (   s ′ ) ]


   V ∗  ( s ) =     max a ⁡   ∑   s ′  P  (   s ′ |  s , a )  (  r + 𝛾  V ∗  (  s ′ ) )


  A c t i o n   v a l u e ,    Q 𝜋 ( s , a )


  S t a t e   v a l u e ,    V 𝜋  ( s )


  R e t u r n ,    G t =  ∑  k = 0 ∞   𝛾 k  r  t + k


  O p t i m a l   P o l i c y ,    𝜋 ∗ ( s )


  P  (  s , a , s ′ )


  T r a n s i t i o n   P r o b a b i l i t y ,  


  R e w a r d ,   r ∈ R  (  s , a ,  s ′ )


  A c t i o n , a ∈ A  ( s )


  S t a t e ,   s ∈ S


   𝜋  k + 1  ( s ) =   argmax a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 k  (   s ′ ) ]


   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s ,  𝜋 k  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


   V  k + 1 ∗  ( s ) =   max a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V k ∗  (   s ′ ) ]


   V ∗  ( s ) =     max a ⁡   ∑   s ′  P  (   s ′ |  s , a )  (  r + 𝛾  V ∗  (  s ′ ) )


   𝜋 3  ( s ) =   argmax a  (   ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 2  (   s ′ ) ] )


   𝜋  k + 1  ( s ) =   argmax a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 k  (   s ′ ) ]


   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s ,  𝜋 k  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


   Q ∗  (  s , a ) =  ∑   s ′  p  (   s ′ |  s , a )  [  r + 𝛾     max   a ′ ⁡   Q ∗ (  s ′ ,  a ′ ) ]


   V  k + 1 ∗  ( s ) =   max a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V k ∗  (   s ′ ) ]


   V ∗  ( s ) =     max a ⁡   ∑   s ′  P  (   s ′ |  s , a )  (  r + 𝛾  V ∗  (  s ′ ) )


  A c t i o n   v a l u e ,    Q 𝜋 ( s , a )


  S t a t e   v a l u e ,    V 𝜋  ( s )


  R e t u r n ,    G t =  ∑  k = 0 ∞   𝛾 k  r  t + k


  O p t i m a l   P o l i c y ,    𝜋 ∗ ( s )


  P  (  s , a , s ′ )


  T r a n s i t i o n   P r o b a b i l i t y ,  


  R e w a r d ,   r ∈ R  (  s , a ,  s ′ )


  A c t i o n , a ∈ A  ( s )


  S t a t e ,   s ∈ S


   𝜋  k + 1  ( s ) =   argmax a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 k  (   s ′ ) ]


   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s ,  𝜋 k  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s ,  𝜋 k  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


   𝜋  k + 1  ( s ) =   argmax a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 k  (   s ′ ) ]


   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s ,  𝜋 k  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


   Q ∗  (  s , a ) =  ∑   s ′  p  (   s ′ |  s , a )  [  r + 𝛾     max   a ′ ⁡   Q ∗ (  s ′ ,  a ′ ) ]


   V  k + 1 ∗  ( s ) =   max a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V k ∗  (   s ′ ) ]


   V ∗  ( s ) =     max a ⁡   ∑   s ′  P  (   s ′ |  s , a )  (  r + 𝛾  V ∗  (  s ′ ) )


  A c t i o n   v a l u e ,    Q 𝜋 ( s , a )


  S t a t e   v a l u e ,    V 𝜋  ( s )


  R e t u r n ,    G t =  ∑  k = 0 ∞   𝛾 k  r  t + k


  O p t i m a l   P o l i c y ,    𝜋 ∗ ( s )


  P  (  s , a , s ′ )


  T r a n s i t i o n   P r o b a b i l i t y ,  


  R e w a r d ,   r ∈ R  (  s , a ,  s ′ )


  A c t i o n , a ∈ A  ( s )


  S t a t e ,   s ∈ S


   𝜋  k + 1  ( s ) =   argmax a  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V   𝜋 k  (   s ′ ) ]
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   V  i + 1   𝜋 k  ( s ) =  ∑   s ′  P  (   s ′ |  s , 𝜋  ( s ) )  [  r + 𝛾  V i   𝜋 k  (   s ′ ) ]


  𝜋  ( s ) =  𝜋  o l d  ( s )


  𝜋  ( s ) ←   argmax a  ∑   s ′ ,   r  P  (   s ′ |  s , a )  [  r + 𝛾 V  (   s ′ ) ]


   𝜋  o l d  ( s ) ← 𝜋 ( s )


  V  ( s ) ←  ∑   s ′ ,     r  P  (   s ′ |  s , 𝜋  ( s ) )  [  r + 𝛾 V  (   s ′ ) ]


  V  ( s ) ∈ ℝ   &   𝜋  ( s ) ∈ A  ( s )   ∀ s



