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Value functions & Bellman equations

• Value of a state 𝑠 under policy 𝜋

– 𝑉𝜋 𝑠 = 𝔼 𝐺𝑡 | 𝑆𝑡 = 𝑠

– 𝑉𝜋 𝑠 = ∑𝑎 𝜋 𝑎 𝑠 ∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾𝑉𝜋 𝑠′

• Value of a state 𝑠 under optimal policy 𝜋∗

– 𝑉∗ 𝑠 = max
𝑎

∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾𝑉∗ 𝑠′

• Value of taking action 𝑎 in state 𝑠 then 

following policy 𝜋

– 𝑄𝜋 𝑠 = 𝔼 𝐺𝑡 | 𝑆𝑡 = 𝑠, 𝐴𝑡 = 𝑎

– 𝑄𝜋 𝑠, 𝑎 = ∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾𝑉𝜋 𝑠′

• Value of taking action 𝑎 in state 𝑠 then 

following optimal policy 𝜋∗

– 𝑄∗ 𝑠, 𝑎 = ∑𝑠′ 𝑝 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾 max
𝑎′

𝑄∗(𝑠′, 𝑎′)

𝑆𝑡𝑎𝑡𝑒, 𝑠 ∈ 𝑆 

𝐴𝑐𝑡𝑖𝑜𝑛, 𝑎 ∈ 𝐴 𝑠  

𝑅𝑒𝑤𝑎𝑟𝑑, 𝑟 ∈ 𝑅 𝑠, 𝑎, 𝑠′  

𝑇𝑟𝑎𝑛𝑠𝑖𝑡𝑖𝑜𝑛 𝑃𝑟𝑜𝑏𝑎𝑏𝑖𝑙𝑖𝑡𝑦, 

𝑃 𝑠, 𝑎, 𝑠′  

𝑂𝑝𝑡𝑖𝑚𝑎𝑙 𝑃𝑜𝑙𝑖𝑐𝑦, 𝜋∗(𝑠) 

𝑅𝑒𝑡𝑢𝑟𝑛, 𝐺𝑡 = ∑𝑘=0
∞ 𝛾𝑘𝑟𝑡+𝑘 

𝑆𝑡𝑎𝑡𝑒 𝑣𝑎𝑙𝑢𝑒, 𝑉𝜋 𝑠  

𝐴𝑐𝑡𝑖𝑜𝑛 𝑣𝑎𝑙𝑢𝑒, 𝑄𝜋(𝑠, 𝑎) 

𝑉∗ 𝑠 = max
𝑎

∑𝑠′ 𝑃 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾𝑉∗ 𝑠′  

𝑄∗ 𝑠, 𝑎 = ∑𝑠′ 𝑝 𝑠′ 𝑠, 𝑎 𝑟 + 𝛾 max
𝑎′

𝑄∗(𝑠′, 𝑎′)  

𝑆𝑡 = 𝑠 ∈ 𝑆 

𝐴𝑡 = 𝑎 ∈ 𝐴(𝑠) 

𝑆𝑡+1 = 𝑠′ ∈ 𝑆 

𝐴𝑡+1 = 𝑎′ ∈ 𝐴(𝑠) 

𝑆𝑡+2 ∈ 𝑆 

𝑆𝑡−1 ∈ 𝑆 

𝑆𝑡+3 ∈ 𝑆 

Standard Notations
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   S  t + 3 ∈ S


   S  t − 1 ∈ S


   S  t + 2 ∈ S


   A  t + 1 =  a ′ ∈ A ( s )


   S  t + 1 =  s ′ ∈ S


   A t = a ∈ A ( s )


   S t = s ∈ S


   Q ∗  (  s , a ) =  ∑   s ′  p  (   s ′ |  s , a )  [  r + 𝛾     max   a ′ ⁡   Q ∗ (  s ′ ,  a ′ ) ]


   V ∗  ( s ) =     max a ⁡   ∑   s ′  P  (   s ′ |  s , a )  (  r + 𝛾  V ∗  (  s ′ ) )


  A c t i o n   v a l u e ,    Q 𝜋 ( s , a )


  S t a t e   v a l u e ,    V 𝜋  ( s )


  R e t u r n ,    G t =  ∑  k = 0 ∞   𝛾 k  r  t + k


  O p t i m a l   P o l i c y ,    𝜋 ∗ ( s )


  P  (  s , a , s ′ )


  T r a n s i t i o n   P r o b a b i l i t y ,  


  R e w a r d ,   r ∈ R  (  s , a ,  s ′ )


  A c t i o n , a ∈ A  ( s )


  S t a t e ,   s ∈ S


   Q ∗  (  s , a ) =  ∑   s ′  p  (   s ′ |  s , a )  [  r + 𝛾     max   a ′ ⁡   Q ∗ (  s ′ ,  a ′ ) ]


   𝜋 ∗


  s


  a


   Q 𝜋  (  s , a ) =  ∑   s ′  P  (   s ′ |  s , a )  [  r + 𝛾  V 𝜋  (   s ′ ) ]


   Q 𝜋  ( s ) = 𝔼  (   G t   |    S t = s ,    A t = a )


  𝜋


  s


  a


   V ∗  ( s ) =     max a ⁡   ∑   s ′  P  (   s ′ |  s , a )  (  r + 𝛾  V ∗  (  s ′ ) )


   𝜋 ∗


  s


   V 𝜋  ( s ) =  ∑ a  𝜋  ( a | s )  ∑   s ′  P  (   s ′ |  s , a )  (  r + 𝛾  V 𝜋  (   s ′ ) )


   V 𝜋  ( s ) = 𝔼  (   G t   |    S t = s )


  𝜋


  s



